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Rapid Scanning of Overheat Ratios
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T HE requirementsof largebandwidthand high spatialresolution
have resulted in thermal hot-wire anemometry being the most

widely used tool for the measurement of freestream and boundary-
layer/shear-layer � uctuations in high-speed � ows. When there is
also a need to derive the � uctuations in terms of gas dynamic pa-
rameters, this measurementtask is more challengingbecausethe hot
wire has a mixed mode response to both mass � ux and total tem-
perature and the hot wire must be operated at multiple overheats.
Furthermore, as most high-speed facilities have relatively short run
times, it is highly desirable that these multiple overheats are ac-
complished within a single run to ensure accuracy in the measured
data. The two common modes of operating the hot-wire are the
constant-currentanemometer (CCA) and the constant-temperature
anemometer(CTA). More recentlytheconstantvoltageanemometer
(CVA) has been introduced by Sarma.1 In comparison to the CCA
and CTA, the CVA’s advantages include larger bandwidths, lower
electronic noise, and higher sensitivity.The CVA-operatedhot wire
has been used to characterizethe evolutionof the transitionalhyper-
sonicboundary-layerdisturbancesbyLachowiczet al.2 and Doggett
et al.3 The � uctuationsin a turbulentsupersonicboundarylayerhave
also been documented using the CVA by Comte-Bellot and Sarma4

and Weiss et al.5

Walker et al.6 demonstrated the rapid scanning of multiple over-
heats in a CTA to resolve the mass � ux and total temperature � uctu-
ations in a supersonic� ow. The overheat was stepped through eight
operating temperatures at a rate of 10 ms/temperature; the temper-
ature was increased from step to step. More recently, Weiss et al.7

described the application of a CTA with automatic rapid scanning
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to measure at six overheats over a test time of 120 ms; the scanning
was demonstrated for decreasingvalues of the overheats.The rapid
scanning of multiple overheats using a CTA operation is however
problematic because of the coupled frequency response and over-
heat behavior in the CTA. The frequency response of the CTA can
be inferred from the following equation8:

MCTA D Mwire=.1 C 2aw Rw G/ (1)

where aw and Rw are the overheat and resistance of the hot wire,
respectively, G is the transconductanceof the CTA, and MCTA and
Mwire arethe time constantsof theCTA and thehotwire, respectively.
The CTA bridge can be balanced for an optimum bandwidth for
only one overheat; thus, when the bridge is adjusted at the lowest
overheat, the bridge becomes unstable at higher overheats. On the
other hand, when the bridge is balanced at the highest overheat, its
bandwidth decreases with decreasing overheat, Eq. (1).7 Thus with
the rapidscanningof multipleoverheatsin a CTA, the measurements
are either obtained over a small range of overheats or with different
bandwidths at each overheat.

The CVA is a second-order system, whose expressions for the
hardware time constant Tc, natural frequency !n , damping ratio ³ ,
and bandwidth BW are given in Sarma et al.9:
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where ft is the gain bandwidth of the operational ampli� er in the
CVA circuit (Fig. 1) and

1=R2 D 1=.Ra C Rb/ C 1=Rd

Sarma10 has theoretically shown, and Kegerise and Spina11 have
experimentally established, that the bandwidth of the CVA does
not change with overheat. This constant bandwidth feature of the
CVA coupled with its demonstrated attributes of large bandwidth,
low electronic noise, and high sensitivity make it extremely attrac-
tive for obtaining calibrated measurements in short-run-time, high-
speed facilities. In all of the aforementionedCVA applications,2¡5;9

continuous running high-speed facilities were used. In the present
Note we demonstrate the applicationof the CVA in a short-run-time
supersonic wind-tunnel facility.

The associated circuit of the Tao Systems® Model VC-01 CVA
used in the present work is shown in Fig. 1. The wire voltage Vw is
given in Ref. 10 as

Vw D .RF =R1/V1 (3)

In the present work a programmable Wavetek® arbitrary waveform
generator is used to vary V1 (and thus Vw and aw / in six stepped in-
crementswith a durationof 20-ms/wire voltage (Fig. 2). A Nicolet®

Fig. 1 Compensated CVA circuit (from Ref. 10).
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Fig. 2 Hot-wire voltage and anemometer dc output with automated
stepping.

Fig. 3 Sine-wave response of Tao Systems CVA Model VC-01.

Fig. 4 Power spectral densities of mass � ux (——) and total tempera-
ture (– – – ).

digital oscilloscope is used to sample the anemometer output volt-
age Vs at 2.5 MHz. The bandwidth of the CVA was veri� ed by the
sine-wave signal injection test.10 The sine-wave response is shown
in Fig. 3; the 3-dB line intersectsthe sine-waveresponseat 470 kHz.
As theCVA bandwidthdoesnot changewith overheat,thismeasured
bandwidth is the actual bandwidth of the CVA.

The experimentswere conductedin the shockwind tunnel (SWK)
at Universität Stuttgart; the facility is described in Knauss et al.12

The principle of the SWK operation is that of a shock tube with
Laval nozzle. The test section of SWK is 1:2 £ 0:8 m2 , the test
sectionMachnumber is 2.54,and the � ow durationis approximately
120 ms. The resultsof the tests conductedat a unit Reynoldsnumber
of 10 £ 106/m are presented here. Two runs were conducted with
six stepped voltages in each run; the ranges of overheat in each run
were 0.05–0.56 and 0.56–1.06, respectively.

The hot wire has a mixed mode response to mass � ux m and total
temperature T0 (Ref. 13):

e0=E D Sm .m 0= Nm/ C ST0 .T
0

0=T0/ (4)

where e0, E are the � uctuating and mean CVA output voltages,
respectively; and Sm and ST0 are the relative sensitivities. Squaring
and averaging Eq. (4) and then rewriting yields
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The ratio Sm =jST0 j is simplyaw=2 and ST0
»D ¡1=.1 C 2aw/ (Ref.14).

For a hot wire operated at multiple overheats, the Fourier transform
analysis of Eq. (5) then yields the power spectral densities of mass
� ux and total temperature. The measured power spectra are shown
in Fig. 4. These spectrashow the characteristicsof a turbulentnozzle
� ow that radiates sound waves into the freestream.15 It is also seen
that the total temperature � uctuations are two orders of magnitude
smaller than the mass � ux � uctuations. These measurements con-
� rm that SWK has low-level freestream disturbances. This CVA
demonstration is an advancement over previous works that em-
ployed CTA, as the latter approach has a different bandwidth at
each overheat, whereas the CVA has a � xed bandwidth.
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Nomenclature
f0 = interface force vector
G = � exibility matrix
Gr ; Hr = residual � exibility matrix, residual inertia matrix
K; M = stiffness matrix, mass matrix
p = generalized (modal) coordinates
x = physical (� nite element) coordinates
·, ¹ = condensed stiffness matrix, condensed mass matrix
¤ = diagonal matrix of eigenvaluesof the kept

component normal modes
© = set of kept component normal modes
ª = set of all residual attachment modes
ªr;1

0 , ªr;2
0 = � rst-order and second-order residual de� ections

of the interface degrees of freedom (DOF)
! = frequency

Subscripts

k = coordinates of the kept component normal modes
r = coordinates of the residual � exibility modes
0 = � nite element DOF of the component interface
1 = � nite element DOF of the component interior

Superscripts

®, ¯ = the correspondingcomponent
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Introduction

F INITE element basedcomponentmode synthesis1 (CMS) tech-
niques are popular tools used in structural dynamics applica-

tions. In CMS, the original structure is subdivided into smaller sub-
structures, or components, for which normal modes are computed
independently and more inexpensively. The assembled system is
then represented by a truncated set of component modes through
necessary compatibilityconstraints applied in a systematic fashion.
This process yields reduced-ordermodels based on parent � nite el-
ement models of arbitrary complexity. CMS techniquesare usually
characterizedby the manner in which the componentnormal modes
are computed: 1) with � xed interfaces or 2) with free interfaces.

In general, the classical CMS methods perform very well, yield-
ing accurate reduced-order models. For free-interface CMS,2 the
successful methods are those that account for the effects of ne-
glected (residual)modes, such as the methods formulatedby Rubin3

and by Craig and Chang.4 However, it is shown in this study that
free-interfaceCMS methods incorporating residual effects do have
built-in numerical instability. This is due to matrix ill-conditioning
that occurs when there are only very small residual contributions,
for example, for large numbers of retained component modes. This
numerical instability appears abruptly and can have a devastating
effect on the accuracy of these methods because any likeness to
the behavior of the parent � nite element model vanishes.Moreover,
there are no means of determining the onset of these problems a
priori. As far as the authors are aware, this limitationof the classical
free-interface CMS methods has not been documented in the open
literature.

In all fairness, note that the reported numerical instability is un-
likely to be of concern for most engineering applications because
typically only a small fraction of the total number of component
modes is retained. Furthermore, this instability does not exist for
� xed-interfaceCMS methods, which are not consideredhere. How-
ever, for certainspecialapplicationsof free-interfaceCMS methods,
it may be critically important to be aware of this numerical instabil-
ity. One such special case was encountered by the authors in their
line of research on the modeling of mistuned bladed disks using
secondarymodal analysis reduction techniques.5 This type of mod-
eling technique involves a two-step approach: First, CMS is used
to isolate blade properties for direct perturbations (blade mistun-
ing). Second, a modal analysis is performed on the CMS model to
generate a small reduced-ordermodel based on the global modes in
a frequency range of interest. In this case, the primary purpose of
using CMS is to cast the original � nite element model in a form that
is better suited for input of blade mistuning, rather than to achieve
model reduction. Therefore, for simpler academic models used in
parameter studies, where high model accuracy is desired, the num-
ber of retained component modes may well surpass the unknown
stability limit.

In this work, two classical free-interface CMS methods3;4 are
brie� y reviewed, and the sources of numerical instability are high-
lighted. In addition, a modest modi� cation to the classical free-
interfaceCMS formulationby Craig and Chang4 is presented,which
alleviates the numerical instability suffered by the original method.
To support the discussion, the numerical instability is demonstrated
with a simple three-dimensional, two-component � nite element
model.

Sources of Numerical Instability in Classical
Free-Interface CMS

Craig–Chang Method4

The Craig–Chang (C2) method4 uses as a componentmodal basis
a truncatedset of kept componentnormal modes of vibration,where
all of the degreesof freedom(DOF) on interfaceswith adjacentcom-
ponents are free. A complete set of residual attachment modes are
then used to supplement the normal modes.The residualattachment
modes represent purely computational shapes induced in the resid-
ual structure (i.e., after removing the � exibility represented by the
kept normal modes) by successively applied unit loads on each in-
terface DOF, with all other interface DOF free and unloaded. If the


